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We study certain spinning strings exploring the flat directions of AdS3×S3×S3×S1,
the massless sector cousins of su(2) and sl(2) sector spinning strings. We describe
these, and their vibrational modes, using theD(2, 1; α)2 algebraic curve. By exploiting
a discrete symmetry of this structure which reverses the direction of motion on the
spheres, and alters the masses of the fermionic modes s→ κ − s, we find out how
to treat the massless fermions which were previously missing from this formalism.
We show that folded strings behave as a special case of circular strings, in a sense
which includes their mode frequencies, and we are able to recover this fact in the
worldsheet formalism. We use these frequencies to calculate one-loop corrections to
the energy, with a version of the Beisert–Tseytlin resummation.
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1 Introduction
One of the new features of the integrable AdS3/CFT2 correspondence is the presence of
massless modes in the BMN spectrum [1].1 Each mode corresponds to a direction away
from the string’s lightlike trajectory, and its mass is related to the radius of curvature of in
this direction. In AdS5×S5 all radii and all masses are equal, but in AdS4×CP3 there are
two distinct radii, and AdS3×S3×S3×S1 four: the two 3-spheres are 1/ cosφ and 1/ sinφ
times the AdS radius (where φ is an adjustable parameter). The flat S1 direction, u, gives
one massless boson, but the more interesting one arises from a combination of the equators
of the two S3 factors, ψ.
While there is no particular difficulty about treating the massless modes in the world-
sheet language [4], they have until recently been missing from the integrable description:
they do not appear in the Bethe equations of [5], the S-matrix of [6] and the unitarity methods
of [7], nor the coset description of [8]. Recent progress on this problem (and the related
one in AdS3×S3×T4) has been reported in [9–11], and we build on the work of Lloyd and
Stefan´ski [10] who studied the problem of how to incorporate the ψ direction in the alge-
braic curve. This formalism maps the string to a Riemann surface, given by the log of the
eigenvalues of the monodromy matrix [12]. And what they showed is that the traditional
way in which the Virasoro constraint was imposed here (as a condition on the residues of
the quasimomenta at x = ±1) is too strong: it is not implied by the worldsheet Virasoro
constraint when the target space has more than two factors. By loosening this restriction they
were able to study some classical string solutions (with oscillatory ψ) which were previously
illegal.
What the algebraic curve formalism has proven extremely useful for, and what we will
use it for here, is working out the frequencies of vibrational modes (especially fermionic
modes) of various macroscopic classical string solutions. The most important examples have
been circular [13–20] and folded [21–28] spinning strings,2 described by one- or two-cut
resolvents. The frequencies of these modes can be added up to give the one-loop correction
to the energy, and this can be efficiently done using the algebraic curve [30–32, 25]. The
D(2, 1; α)2 algebraic curve needed here has been studied in [1,33,34,10],3 and the computation
of 6+ 6 mode frequencies (corresponding to the massive BMN modes) can be done using
well-worn tools.
In the integrable picture, the point-particle BMN state is the ferromagnetic vacuum
of the spin chain, and modes are single impurities (or magnons). Macroscopic classical
solutions are usually4 condensates of a very large number of impurities, arranged such
that they form a single Bethe string in the case of a circular string, or two in the case of a
folded string. Since all the impurities are of the same type, we need only a small sector of the
full Bethe equations: the su(2) sector for strings exploring S3, or sl(2) for strings in AdS3.
The energy of a solution to these equations can be compared to that from a semiclassical
calculation of the type mentioned above, and such comparisons provided important tests of
our understanding of integrable AdS/CFT.
In this paper we study some classical string solutions which explore the flat directions
of AdS3×S3×S3×S1: a circular string and a folded spinning string. These may perhaps
be thought of as macroscopic condensates of the massless modes, in the same sense that
spinning strings in S3 are condensates of massive modes. The solutions are very simple
1 We discuss only the string theory side; for the dual theory see [2], and [3] for the related AdS3×S3×T4 case.
2 Our references here are far from exhaustive, see reviews [29] for more.
3 Here α = cos2 φ; at α = 1/2 the algebra becomes osp(4|2), for which [8] describes the algebraic curve in detail.
4 The exception is the giant magnon [35]; it is unclear what if anything the massless analogue of this should be.
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indeed, since they explore only a flat torus, but as far as we know have not been viewed
in this light before. We study them and their modes in both the worldsheet sigma-model
language and using algebraic curves, and are able to show agreement between these two.
Some interesting features of this are:
• The folded string behaves as a special case of the circular string. In the algebraic curve
both are now described by poles alone, and the folded string simply has no winding,
thus equal residues at x = ±1. This may point to the degeneration of the distinction
between one-cut and two-cut solutions. In the worldsheet picture this agreement is less
obvious, and the modes are most naturally written in a rather strange gauge.
• Those fermions which are massless for the BMN solution are no longer massless here,
and we show how to calculate their frequencies from the algebraic curve by extending
the previously understood formalism to include all 8 fermions. To do this we exploit
the symmetry that reverses the direction in which the BMN solution moves, which
re-arranges the fermion masses5 s → κ − s. Because we can perform this reversal
continuously, we can follow the behaviour of individual modes as they become massless.
• By approaching the BMN solution, we learn something about the massless limit. The
microscopic cuts which describe a vibrational mode approach the poles at x = ±1
as s → 0, while their energies and mode numbers remain finite. This appears to be
analogous to what happens to the macroscopic classical solutions, for which the cuts of
their massive cousins have been replaced by just poles.
• The mode frequencies (for the folded or circular string) give a logarithmic divergence
when naively applying Beisert and Tseytlin’s method of calculating δE as an expansion
in 1/J [16]. However we are able to modify this procedure to give a finite answer.
Outline
In section 2 we set up the classical solutions to be studied, and then calculate their mode
frequencies from the Polyakov and Green–Schwarz actions. In section 3 we find the corre-
sponding algebraic curves, and use the comparison to guide us to an understanding of how
to calculate the previously missing fermionic modes in AdS3×S3×S3×S1. Section 4 uses
these frequencies to compute compute energy corrections, by adapting the Beisert–Tseytlin
re-summing procedure. Section 5 concludes.
Appendix A looks at the same reversal symmetry in AdS4×CP3, as a check of our
understanding.
2 Worldsheet Sigma-Model
We study two kinds of extended string solutions. The circular (or spiral) spinning string
explores a torus S1×S1, stretching along one diagonal of this square and moving along the
other:
φ1 = ωτ +mσ, φ2 = ωτ −mσ. (1)
These two angles are often taken to be on the same S3, with ds2 = dθ2 + sin2 θ dφ21 +
cos2 θ dφ22. But the solution can exist in flat space, or in AdS3×S1 with one circle being
5 We write mass = s throughout, to reserve m for winding numbers. The heaviest modes (those in AdS directions)
have mass s = κ.
3
ρ = const. in AdS [14]. The folded spinning string instead explores a 2-disk,
X+ iY = eiντ f (σ). (2)
In flat space f (σ) = 1ν cos νσ; this is the string which gives rise to Regge trajectories [36].
In curved spaces this becomes one of GKP’s solutions [22]. The turning points of f (σ) are
cusps, at which the induced metric will have a curvature singularity [23].
We will study these solutions in AdS3×S3×S3×S1, for which the metric is
ds2 = R2
[
ds2AdS +
1
cos2φ
ds2S+ +
1
sin2φ
ds2S− + du
2
]
(3)
with
ds2S± = dθ
2± + sin2 θ±dϕ2± + cos2 θ±dβ2±
ds2AdS = − cosh2 ρ dt2 + dρ2 + sinh2 ρ dγ2.
Defining ϕ and ψ by6
ϕ = ϕ+ + ϕ−, ψ = − tanφ ϕ+ + cotφ ϕ−
the metric near to ρ = 0, θ± = pi2 is
ds2/R2 = −dt2 + dϕ2 + dψ2 + du2 +O(θ± − pi2 )2 +O(ρ)2.
The classical solutions we will study here explore only the “massless” directions ϕ,ψ and u,
thus live in R×(S1)3. The bosonic action (in conformal gauge) is
S = R2
∫ dτdσ
4pi
ηµν∂µXM∂νXNGMN , R2 =
√
λ = 4pig
where we write the metric scaled as ds2 = R2 dXMdXNGMN . Since GMN is block-diagonal,
the resulting equations of motion treat each factor in AdS3×S3×S3×S1 independently;
they are coupled only by the Virasoro constraints. We write the diagonal and off-diagonal
constraints as follows:
0 = ∂0XM∂0XNGMN + ∂1XM∂1XNGMN = V
diag
AdS +V
diag
S+ +V
diag
S− +V
diag
u (4)
0 = ∂0XM∂1XNGMN = VoffAdS + . . . similar.
The solutions usually studied consist of a known solution in each factor (such as a giant
magnon [33] or a circular string [20]) each contributing a constant to the constraint. Any
nontrivially new solution must break this, and we will study some solutions which do so
below. This is a novel feature also explored (in different language) by [10].
We will be concerned with only one Noether charge from each factor of the space,
namely
∆ = R2
∫ dσ
2pi
cosh2 ρ ∂τt, J+ =
R2
cos2φ
∫ dσ
2pi
sin2 θ+ ∂τϕ+
J− =
R2
sin2φ
∫ dσ
2pi
sin2 θ− ∂τϕ−, Ju = R2
∫ dσ
2pi
∂τu .
We will also need the total J′ = Jϕ = cos2φ JX + sin2φ JY, and will use variants J = J′/
√
λ
etc. and κ = ∆/
√
λ .
6 Thus ϕ+ = cos2 φ ϕ− cosφ sinφψ and ϕ− = sin2 φ ϕ+ cosφ sinφψ. Our notation follows [27] mostly.
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2.1 Classical Solutions
Here are the solutions we study; they are also drawn in figure 1:
1. The supersymmetric BMN “vacuum” solution is ϕ = t = κτ, ψ = 0, a point particle
[37, 1]. The non-supersymmetric vacuum is the generalisation to ζ 6= φ in
ϕ+ = κ cosφ cos ζ τ, ϕ− = κ sinφ sin ζ τ, t = κτ. (5)
Note that while φ ∈ [0, pi2 ] is sufficient to describe all cos2φ = α ∈ [0, 1], we will allow
ζ ∈ [0, 2pi] so that this solution can move in either direction on the ϕ± circles; for this
reason we do not use δ = cos2 ζ. The charges are
∆ = 4pig κ, J+ = 4pig κ
cos ζ
cosφ
, J− = 4pig κ
sin ζ
sinφ
. (6)
2. The most general circular string within the equators of S3×S3×S1 is
ϕ± = ω±τ +m±σ, u = ϕ± = ωuτ +muσ, t = κτ +m0σ. (7)
For a closed string we must have m±,mu ∈ Z. Physically m0 = 0, but we include it
temporarily in order to allow fluctuations δm0 6= 0 later. The Virasoro constraints impose
Vdiag = (−κ2 −m20) +
ω2+ +m
2
+
cos2φ
+
ω2− +m2−
sin2φ
+ (ω2u +m
2
u) = 0
Voff = −κm0 + ω+m+cos2φ +
ω−m−
sin2φ
+ ωumu = 0.
(8)
Each term here comes from one factor of the space, and each is a constant. The simplest
case is to demand that there is no winding along the ϕ direction, and no momentum in
the ψ direction, giving
ω+ = cos2φω, ω− = sin2φω, m± = ±m, ωu = mu = 0. (9)
The Virasoro constraint then reads κ2 = ω2 + 4m2/ sin2 2φ.
3. The final example is a folded spinning string, with the centre of mass moving in the ϕ
direction:
ψ+ i u = A eiντ cos νσ, ϕ = ωτ, t = κτ. (10)
Here ν ∈ Z counts the number of windings. When A → 0 this becomes the super-
symmetric BMN particle, and when A→ ∞ it stops moving along the equator. It has
charges
∆ = 4pig κ, J+ = J− = J′ = 4pigω, S = 2pig A2ν (11)
where S is the angular momentum in the ψ-u plane:
S = R2
∫ dσ
2pi
Im
[
(ψ− i u) ∂τ(ψ+ i u)
]
.
The contributions to the Virasoro constraints from particular spheres are quite compli-
cated, for example:
VdiagS+ = cos
2φω2 + sinφ cosφ Aων cos νσ sin ντ + sin2φ
A2ν2
2
(1− cos 2νσ sin 2ντ)
Vdiagu =
A2ν2
2
(1+ cos 2νσ sin 2ντ)
5
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Figure 1: The circular string (7), folded string (10), and LS’s solution (13). In all of
these the lines from blue to red (and up the page) represent increasing time. The
first has zero winding along ϕ (i.e. mϕ = 0) and mψ = mu = 1. In the last, we take
ν = ν˜ = 2 and have subtracted off 90% of the motion along ϕ.
and off-diagonal
VoffS+ = sinφ cosφ Aων sin νσ cos ντ + sin
2φ
A2ν2
4
sin 2νσ sin 2ντ
Voffu = −
A2ν2
4
sin 2νσ sin 2ντ.
However the total Virasoro constraints simply impose that the cusps are lightlike, κ2 =
ω2 + A2ν2, or in terms of the angular momenta,7
κ2 −J 2 = ν
2
S (12)
where S = S/
√
λ.
One of the solutions studied by [10] is related to this folded string. Both move in the ϕ
direction, but while our solution rotates in the ψ-u plane, theirs is confined to u = 0 and
thus oscillates in ϕ. If we start from something very similar to (10)’s ψ (agreeing exactly
when a = a˜ = A/2 and ν = ν˜):
ψ = a cos ν(τ + σ) + a˜ cos ν˜(τ − σ)
and demand u = 0, then we are led to8
ϕ =
κ
2ν
E
(
ν(τ + σ)
∣∣∣4a2ν2
κ2
)
+
κ
2ν˜
E
(
ν˜(τ − σ)
∣∣∣4a˜2ν˜2
κ2
)
(13)
7 The equivalent relation for short spinning strings in AdS has instead an expansion in S on the right hand side,
S +∑n≥2 fn(J ) Sn [25].
8 Here E(z|m) = ∫ z0 dθ√1−m sin2 θ = EllipticE[z, m]. Often m = k2.
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very much like equation (4.48) of [10].9 For this to be real we need κ > 2aν, 2a˜ν˜, and for a
closed string we need aν = a˜ν˜. Plotting ϕ, it has some small fluctuations on top of rapid
motion with τ, as drawn in figure 1. Like our folded string, the contributions to the Virasoro
constraint from each sphere are not constants. For example when a = a˜ = A/2, ν = ν˜ = 1
and φ = pi4 :
VdiagS+ =
κ2
2
+
A
2
sin(σ+ τ)
√
κ2 − A2 sin2(σ+ τ)− A
2
sin(σ− τ)
√
κ2 − A2 sin2(σ− τ)
VoffS+ =
A
4
√
2
sin(σ+ τ)
√
κ2 − A2 sin2(σ+ τ) + A
4
√
2
sin(σ− τ)
√
κ2 − A2 sin2(σ− τ)
but clearly always Vu = 0. Our solution (10), which explores also the S1 direction, has the
virtue of being much simpler, because it is rigidly rotating, and this allows us to calculate its
mode frequencies below. We now turn to this problem.
2.2 Modes of the Circular String
The bosonic modes of (7) are easy to find, since this is a homogenous solution, i.e. ∂σ generates
an isometry of target space. We make the following ansatz:
t = κτ + 1
λ1/4
t˜ ρ = 0+ 1
λ1/4
ρ˜
ϕ+ = ω+τ +m+σ+ 1λ1/4 cosφ ϕ˜+ θ+ =
pi
2 +
1
λ1/4
cosφ θ˜+ (14)
ϕ− = ω−τ +m−σ+ 1λ1/4 sinφ ϕ˜− θ− =
pi
2 +
1
λ1/4
sinφ θ˜−
u = ωuτ +muσ+ 1λ1/4 u˜.
We set γ = β± = 0 on the understanding that ρ˜, θ˜+ and θ˜− each represent one of two
equivalent directions away from ρ = 0 and θ± = pi2 . We have also scaled ϕ˜±, θ˜± so as to
produce the canonical kinetic term in the quadratic Lagrangian:
2L2B = −∂µ t˜∂µ t˜+ ∑
x=ρ,ϕ± ,θ± ,u
∂µ x˜∂µ x˜ + κ2ρ˜2 + (ω2+ −m2+)θ˜2+ + (ω2− −m2−)θ˜2−.
The solutions are all plane waves x˜ = Cx exp(iwτ + inσ) with w =
√
n2 + s2, and we read
off the following masses:
s2 =

κ2 2 AdS modes (ρ˜ etc.)
ω2± −m2± 4 ⊥ sphere modes (θ˜± etc.)
0 4massless (t˜, ϕ˜±, u˜), of which 2 are gauge.
(15)
Only the massless modes here influence the Virasoro constraints at leading order, and
writing E = i eiwnτ+inσ/λ1/4 (with wn = |n|) the changes are10
δVdiagAdS = −2Ct κ wn E, δVoffAdS = −Ct κ n E
δVdiagS+ = 2Cϕ+(ω+wn +m+n)E/ cosφ, δV
off
S+ = Cϕ+(ω+n+m+wn)E/ cosφ (16)
9 The co-ordinates used by [10] have a parameter R in order to take the Penrose limit, but this is not necessary for
the solution of section 4.3.2. Setting R = 1 (everywhere except the R2 =
√
λ in front of the action) and ζ = φ
aligns our co-ordinates perfectly with theirs, up to re-naming ϕ+,− = ψ1,2, ϕ = η, ψ = x1, u = χ. After this (13)
is exactly their (4.48).
10 Latin wn is the mode frequency (with respect to τ not AdS time t), Greekω± are the classical angular momenta.
As usualωABM below is the spin connection, for which M,N are curved and A, B flat target space indices. And in
sections 3 and 4,ωn = Ω(yn) is the physical frequency (with respect to t).
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δVdiagS− = 2Cϕ−(ω−wn +m−n)E/ sinφ, δV
off
S− = Cϕ−(ω−n+m−wm)E/ sinφ
δVdiagu = 2Cu(ωuwn +mun)E, δVoffu = Cu(ωun+muwn)E.
To preserve the total Virasoro constraints (4) we can always solve for (say) Ct and Cu, leaving
ϕ˜± as physical modes. Doing so will not make individual contributions (such as δV
diag
S+ )
constant, but let us observe that they will integrate to zero:
∫ 2pi
0 dσ δV
diag
S+ = 0 etc.
The fermionic quadratic Lagrangian is given by
L2F =
(
ηµνδI J − eµνσI J3
)
ΘIρµDνΘJ
where e01 = 1 and
DµΘI =
(
∂µ +
1
4∂µX
MωABM ΓAB
)
δI JΘJ + Fρµσ
I J
1 Θ
J
ρµ = ∂µXMEAMΓA
F = 124F
(3)
ABCΓ
ABC = 624
(
Γ012 + cosφ Γ345 + sinφ Γ678
)
.
The equations of motion are [38]
(ρ0 − ρ1)(D0 + D1)Θ1 = 0, (ρ0 + ρ1)(D0 − D1)Θ2 = 0. (17)
For the circular string this is all quite simple, since the spin connection term is zero, and the
projections of gamma-matrices have constant coefficients:
ρ0 = κΓ0 +
ω+
cosφ
Γ4 +
ω−
sinφ
Γ7 +ωuΓ9, ρ1 =
m+
cosφ
Γ4 +
m−
sinφ
Γ7 +muΓ9 .
Making the ansatz ΘI = ei(wnτ+nσ)ΘI0 and fixing κ-symmetry by defining Ψ0 = (ρ0 − ρ1)Θ10,
we get
(w2n − n2)Ψ0 = (ρ0 − ρ1)F(ρ0 + ρ1)FΨ0 . (18)
The eigenvalues of the matrix on the right hand side give the following masses:
s2 =
1
4

(κ −ω+ −ω−)2 − (m+ +m−)2
(κ +ω+ −ω−)2 − (m+ −m−)2
(κ −ω+ +ω−)2 − (m+ −m−)2
(κ +ω+ +ω−)2 − (m+ +m−)2.
(19)
Note that both bosonic and fermionic masses are independent of φ, and free ofωu and
mu. Thus the only effect of momentumωu in the S1 is through the Virasoro constraints, i.e.
in allowing different choices forω± compared to theωu = 0 case.
2.3 Modes of the Point Particle
This solution (5) is just the special case m± = mu = 0 andωu = 0 of the circular string (7)
treated above. Writing the masses (15) and (19) in terms of angles φ and ζ, and labelling
them as in the algebraic curve, we have11
s0 = 0 s0 f = κ2 (1− cosφ cos ζ − sinφ sin ζ)
s1 = κ |sinφ sin ζ| s1 f = κ2 (1− cosφ cos ζ + sinφ sin ζ) (20)
11 These fermionic masses were also calculated by [27].
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Figure 2: Masses s/κ from (20) of modes of point particle solutions (5), for φ = pi/7.
The two extremes in the range of ζ drawn are BMN and a similar solution moving
in the opposite direction, both of which are supersymmetric. The point of this is
to illustrate that the fermions are re-organised by rotating ζ from one to the other.
Notice that there is a third supersymmetric solution at ζ = pi −φ (and similarly a
fourth one at ζ = −φ, not shown).
s3 = κ |cosφ cos ζ| s3 f = κ2 (1+ cosφ cos ζ − sinφ sin ζ)
s4 = κ s4 f = κ2 (1+ cosφ cos ζ + sinφ sin ζ).
The supersymmetric BMN case is ζ = φ. Notice that as we rotate the direction in which the
particle travels, the fermionic modes re-organise (see figure 2). Increasing ζ to φ+ pi, the
heaviest fermion becomes massless (and vice versa), and we again have a supersymmetric
solution. What we have done is to reverse the direction of motion of the string on the sphere:
notice that the charges J± in (6) are both reversed.
While we will focus on the cases ζ = φ (BMN) and ζ = φ+ pi (reversed BMN), note
that there are in all four supersymmetric points, as we recover the same list of masses at
ζ = −φ and ζ = pi −φ. Physically these solutions reverse the direction of motion on just
one S3 (compared to BMN), visible in (6). In these cases the heavy and massless fermions of
BMN become light modes (and vice versa).
2.4 Bosonic Modes of the Folded String
To treat the string (10) instead, it is simplest to work in Cartesian co-ordinates for the plane
in which it rotates, i.e. to use ψ,u. Compared to the ansatz for the circular case (14) above,
we need to replace ϕ±, u with
ϕ = ωτ + 1
λ1/4
ϕ˜
ψ = A cos ντ cos νσ+ 1
λ1/4
ψ˜
u = A sin ντ cos νσ+ 1
λ1/4
u˜
and this leads to
2L2B = −∂µ t˜∂µ t˜+ ∑
x=ρ,θ± ,ϕ,ψ,u
∂µ x˜∂µ x˜ + κ2ρ˜2 + s2θ+ θ˜
2
+ + s
2
θ− θ˜
2−. (21)
As expected ψ˜, u˜ remain massless, and the AdS mode ρ˜ has mass κ. However the mass
terms for the sphere modes θ˜± are quite complicated. This is not unexpected, as the classical
solution breaks translational invariance on the worldsheet. Written in terms of σ± = 12 (σ± τ),
9
we notice that they factorise:
s2θ+ =
(
ω cos2φ+ Aν sinφ cosφ sin 2νσ+
)(
ω cos2φ− Aν sinφ cosφ sin 2νσ−
)
s2θ− =
(
ω sin2φ− Aν sinφ cosφ sin 2νσ+
)(
ω sin2φ+ Aν sinφ cosφ sin 2νσ−
)
.
This points the way to solving the equations of motion ∂+∂− θ˜ = s2θ θ˜ by using a separation of
variables ansatz θ˜ = P(σ+)M(σ−). We find the following solution, with K the separation
constant:
θ˜+(σ, τ) = C e
ω cos2φ
2 (K+
1
K )σ+
ω cos2φ
2 (K− 1K )τ−A sinφ cosφ2 (K cos 2νσ+− 1K cos 2νσ−)
= C exp
[
inσ+ iwnτ +
iA tanφ
ω
(n sin νσ sin ντ − wn cos νσ cos ντ)
]
(22)
= C exp
(
i nΣ A
ω tanφ
+ i wn T A
ω tanφ
)
, wn =
√
n2 +ω2 cos4φ.
On the second line we solve ω cos
2φ
2
(
K+ 1K
)
= i n with n ∈ Z to make it periodic in σ, and
on the third we define
ΣA′ = σ+ A
′ sin νσ sin ντ, TA′ = τ − A′ cos νσ cos ντ. (23)
The modes on the other sphere are similar:
θ˜−(σ, τ) = C exp
(
i nΣ− Aω cotφ + i wn T− Aω cotφ
)
, wn =
√
n2 +ω2 sin4φ.
We view the solution (22) as being a plane wave of massω cos2φ in an unusual gauge
(23). Performing the change of variables (σ, τ) → (ΣA tanφ/ω, TA tanφ/ω) in the action
produces the expected mass term:∫
dτ dσ
[
∂µ θ˜+∂
µ θ˜+ + s2θ+ θ˜
2
+
]
=
∫
dT dΣ
[
−∂T θ˜+∂T θ˜+ + ∂Σ θ˜+∂Σ θ˜+ +ω2 cos4φ θ˜2+
]
(24)
since we have (writing ΣM for the new co-ordinates, M = 0, 1)
det
(
∂
∂σµ
ΣMA
ω tanφ
)
=
s2θ+
ω2 cos4φ
.
In these new worldsheet co-ordinates the modes are orthogonal, which they are not in terms
of the original (σ, τ): ∫ 2pi
0
dΣRe
[
θ˜+(n)
]
Re
[
θ˜+(n′)
]
∝ δn n′ .
The appropriate Hamiltonian is then the one in terms of these variables, in which time
translation is a symmetry of (24). Notice that there is a different (Σ, T) for the modes in each
S3 (and different again for their superpartners, below).
Working out the effect of modes on the Virasoro constraint as in (16), again only the
massless modes matter. The linear variations are
δVdiag = −2κ ∂τ t˜+ 2ω ∂τ ϕ˜+ 2Aν (cos νσ cos ντ ∂τ u˜− sin νσ sin ντ ∂σu˜)
− 2Aν (cos νσ sin ντ ∂τψ˜+ sin νσ cos ντ ∂σψ˜) (25)
δVoff = −κ ∂σ t˜+ω ∂σ ϕ˜− Aν (sin νσ sin ντ ∂τ u˜− cos νσ cos ντ ∂σu˜)
− Aν (sin νσ cos ντ ∂τψ˜+ cos νσ sin ντ ∂σψ˜) .
These constraints should (as always) kill two modes, leaving two physical massless modes. All
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must obey the massless wave equation ∂+∂− x˜ = 0, but they cannot all be plane waves. There
are nevertheless solutions which respect these constraints. For example if ψ˜ is a massless
plane wave with wn = +n, its effect can be cancelled by ϕ˜ as follows:
ψ˜ = Cψein(σ+τ), ϕ˜(σ+) = − CψAν n
ω(n2 − ν2) e
in(σ+τ) (n cos 2νσ+ − iν sin 2νσ+) . (26)
This ϕ˜ mode is a plane wave multiplied by another modulating factor, different to the one
appearing in (22) but performing a similar role.
2.5 Fermionic Modes of the Folded String
The fermions can be analysed in a similar way. The spin connection term again vanishes, but
the ρµ are more complicated than those for the circular string. Let us write them as follows:
ρ± = ρ0 ± ρ1 = κΓ0 + R4±(σ±) Γ4 + R7±(σ±) Γ7 + R9(σ±) Γ9
with
R4±(σ±) = ω cosφ± Aν sinφ sin 2νσ±
R7±(σ±) = ω sinφ∓ Aν cosφ sin 2νσ±
R9(σ±) = Aν cos 2νσ±
The equations of motion (17) can be written
ρ−∂+Θ1 + ρ−Fρ+Θ2 = 0, ρ+∂−Θ2 + ρ+Fρ−Θ1 = 0.
Now multiply from the left with F, and define some projected spinors12
Φ1 = Fρ−Θ1, Φ2 = Fρ+Θ2
and also the following functions:
G±(σ±) = Fρ± + ρ±F = 12
(
−κΓ12 + cosφ R4± Γ35 + sinφ R7± Γ68
)
.
Then using that F2 = 0 we obtain
∂+Φ1 + G−Φ2 = 0, ∂−Φ2 + G+Φ1 = 0
and thus ∂+∂−ΦI + G+G−ΦI = 0. The matrices G+ and G− commute, and we may expand
the solution in their common eigenspinors er, which are constants:
G±(σ±) er = g±r(σ±) er, ΦI(σ, τ) =∑
r
φ˜Ir(σ, τ) er.
Then we obtain a factorised equation for the coefficient fields φ˜Ir
∂+∂−φ˜Ir = g+rg−rφ˜Ir (27)
in terms of the eigenvalues of G±
g±r(σ±) =
i
2
[
αrκ + βr cosφ R4±(σ±) + γr sinφ R7±(σ±)
]
in which all eight choices of the signs αr, βr,γr = ±1 occur.
We can solve (27) in the same way as we did the bosonic equation for θ˜±, and for the
12 Both ρ± and F are half-rank, and thus this projection leaves the expected 8 degrees of freedom in Φ1 and Φ2.
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cases with signs βrγr = +1 the result is simply a plane wave:
φ˜Ir = C exp (inσ+ iwnτ) , wn =
√
n2 + s2r , sr =
1
2
{
κ −ω, r = 0 f
κ +ω, r = 4 f .
(28)
The remaining cases are similar to (22):
φ˜Ir = C exp
(
inΣ˜ A sin 2φ
2sr
+ iwnT˜A sin 2φ
2sr
)
, sr =
1
2
{
κ − cos 2φω, r = 1 f
κ + cos 2φω, r = 3 f
(29)
where Σ˜A′ = σ+ A′ cos νσ cos ντ and T˜A′ = τ− A′ sin νσ sin ντ. The same comments made
for the bosonic modes about the exotic gauge clearly also apply here.
When A → 0 these modes all reduce to those of the BMN solution in (20). We have
labelled them with names which make more sense in the algebraic curve formalism below.
3 Algebraic Curve
We begin by discussing the recent work of Lloyd and Stefan´ski [10], who study (in section 4)
a string moving in R×S1×S1, with metric (3) at θ± = pi/2, ρ = 0 and u = 0. The algebraic
curve for this solution has three quasimomenta, and to avoid a clash of notation let us call
their quasimomenta p˜l , with l = 0, 1, 2 describing time, one sphere, and the other sphere.
Their residues are parameterised by κ˜l and m˜l :
p˜l(x) =
κ˜lx+ 2pim˜l
x2 − 1
which are given by
κ˜0 = i
∫ 2pi
0
dσ ∂τt, κ˜1 =
−1
cosφ
∫ 2pi
0
dσ ∂τϕ+, κ˜2 =
−1
sinφ
∫ 2pi
0
dσ ∂τϕ− (30)
m˜0 = 0, 2pim˜1 =
−1
cosφ
∫ 2pi
0
dσ ∂σϕ+, 2pim˜2 =
−1
sinφ
∫ 2pi
0
dσ ∂σϕ− .
They showed that this is the complete algebraic curve for any solution in this spacetime,
with only poles at x = ±1, never branch cuts.
The traditional Virasoro condition on the residues, applied to this case, reads
D
∑
l=0
(κ˜l ± 2pim˜l)2 = 0, D = 2. (31)
The weaker generalised residue condition (GRC) proposed by [10] is that there exist f±l (σ)
such that
κ˜l ± 2pim˜l = 2
∫ 2pi
0
dσ f±l (σ),
D
∑
l=0
( f±l )
2 = 0. (32)
Clearly if (31) is satisfied then we can simply take f to be constant. Comments:
• The new condition is very close to being the worldsheet one. If we define
f±l = Gl(∂τϕl ± ∂σϕl)
writing (Gl , ϕl) = (i, t), ( 1cosφ , ϕ+), (
1
sinφ , ϕ−) for l = 0, 1, 2, then the terms of the
12
worldsheet Virasoro constraints (4) are
Vdiagl =
( f+l )
2 + ( f−l )
2
2
= G2l (∂τϕl)
2 + G2l (∂σϕl)
2
Voffl =
( f+l )
2 − ( f−l )2
4
= G2l ∂τϕl ∂σϕl
and thus (4), i.e. ∑l V
diag
l = 0 = ∑l V
off
l , is equivalent to (32). However this f
±
l is a
function of τ as well as σ.
• That the new condition (32) does not imply the traditional one (31) is a consequence
of there being more than two factors in the spacetime. In fact without saying what f
means, the following implication is true for D = 1
0 =
D
∑
l=0
f 2l (σ) ⇒ 0 =
D
∑
l=0
[∫
dσ fl(σ)
]2
(33)
since f0 = ±i f1, but fails for D ≥ 2.
• Let us also mention here that if we consider a point particle solution in R×(S1)D, then
for D = 1 there are just 2 solutions (lightlike and moving one way or the other) while in
D ≥ 2 there is a continuous set of them, allowing us to rotate from one direction to the
reverse, as in figure 2.
3.1 Ten Dimensions
All string solutions inR×S1×S1 will also be solutions in AdS3×S3×S3, and thus we can map
their algebraic curves into the one describing the full space. (Our notation here follows [33]
closely.) This has six quasimomenta p`(x) with ` = 1, 2, 3, 1, 2, 3, corresponding to the six
Cartan generators of d(2, 1; α). The map is as follows:p1p2
p3
 =

i
2 p˜0 − 12 sinφ p˜2
i p˜0
i
2 p˜0 − 12 cosφ p˜1
 , p`( 1x ) = p`(x). (34)
Inversion symmetry is p`( 1x ) = S`mpm(x) with S = 13×3 ⊗
[
0 1
1 0
]
. The Cartan matrix is
A =
 4 sin2φ −2 sin2φ 0−2 sin2φ 0 −2 cos2φ
0 −2 cos2φ 4 cos2φ
⊗ 12×2.
for which we draw the Dynkin diagram , left and right.13 If we parameterise the
poles at ±1 by p`(x) = (κ`x+ 2pim`)/(x2 − 1) as before, then the traditional condition on
the residues is [8]14
(κ` ± 2pim`)A`n(κn ± 2pimn) = 0. (35)
The angular momentum and winding (or worldsheet momentum) are given by the
13 Away from the classical limit we should, according to [6, 5], use a different fermionic grading on the right. But
this makes no difference to the classical algebraic curve, and thus it is simpler not to do so here. This was also
briefly discussed in [34].
14 In (31), instead of taking κ˜0 to be imaginary we could insert A = diag(−1, 1, 1) as the Cartan matrix.
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behaviour of the quasimomenta at infinity. In terms of J` defined as
p`(x)→ P` + 12gx J` +O
( 1
x2
)
.
the combinations of interest are
∆ = 12 (−J2 + J2), J+ = (J3 − J3)− 12 (J2 − J2)
S = 12 (−J2 − J2), J− = (J1 − J1)− 12 (J2 − J2)
and J′ = cos2φ J+ + sin2φ J−. The combinations of P` of interest are discussed at (45) below.
In [33] another basis of quasimomenta qi(x), i = 1 . . . 6 was defined, which are more
closely related to the ones usually used in AdS5×S5 or AdS4×CP3, at least when φ = pi4 .
These are defined such that the Cartan matrix becomes trivial: q1q3
q5
 = Bleft
p1p2
p3
 , Bleft =
 0 −1 02 sin2φ −1 2 cos2φ
− sin 2φ 0 sin 2φ

⇒ qi(I1,2)ijq′j = p`A`mp′m
writing I1,2 = diag(−1, 1, 1) to make the signature of weight space explicit. (After this we
will simply write q · q′.) The right-hand quasimomenta qi even are given by the inversion
symmetry qi(x) = −qi−1( 1x ), and we may extend to B = Bleft ⊗
[ 1 0
0 −1
]
to include them.
Then q1 and q2 describe AdS, while q3 . . . q6 describe the spheres. It is also useful to think of
q−i(x) = −qi(x) as being 6 more quasimomenta, to distinguish the signs with which cuts
connect them. (These are analogous to q6 . . . q10 in the AdS4×CP3 case, at φ = pi4 .)
Finally we will also need one more quasimomentum for the S1 circle, which we can
treat on the pattern of (30) above:
p˜3(x) =
κ˜3x+ 2pim˜3
x2 − 1 , κ˜3 = −
∫ 2pi
0
dσ ∂τu, 2pim˜3 = −
∫ 2pi
0
dσ ∂σu . (36)
We could then extend the sums in (31) and (32) to run up to l = 3. For now however we
make no attempt to include this as part of the p` (but see section 3.6 below).
3.2 The Generalised Vacuum
Zarembo [8] gives two solutions to ~κ A~κ = 0, S~κ = −~κ for the case φ = pi4 , i.e. to the
Virasoro condition (in the absence of winding) and the inversion symmetry condition:
~κ = (0, 1, 0)⊗ (1,−1) or ~κ =
(
a, a2 + (1− a)2, 1− a
)
⊗ (1,−1).
The first of these gives the BMN vacuum. However taking into account that the normalisation
of this ~κ is arbitrary, the first is in fact the a → ∞ case of the second, and thus the BMN
vacuum is part of a one-parameter family. Choosing to use ζ as the parameter, restoring the
φ dependence, and fixing the overall normalisation, in this subsection we study the algebraic
curve15
p`(x) =
x
x2 − 1κ`, ~κ = −
2piκ
2
(
1− sin ζ
sinφ
, 2, 1− cos ζ
cosφ
)
⊗ (1,−1) (37)
15 The vector~κ with components κ` controls the poles at x = ±1 in p`(x), while κ˜l plays the same role for p˜l(x).
The scalar κ is the same constant as in the worldsheet solutions, controlling the energy κ = ∆/4pig. Latin −k`
below controls which nodes are excited by the mode.
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corresponding to the point particle solution (5). It is also trivial to directly integrate (5) using
(30) to find p˜l ; the map (34) is fixed largely by this comparison. In the basis q = Bp the same
solution reads  q1(x)q3(x)
q5(x)
 =
 −q2(
1
x )
−q4( 1x )
−q6( 1x )
 = xx2 − 1 2piκ
 1cos(φ− ζ)
sin(φ− ζ)

which clearly solves q · q = 0 (in R2,4) and inversion symmetry. Again this reduces to the
usual BMN solution when ζ = φ.
We can now proceed to construct modes using the method of [18,31]: we perturb the
quasimomenta by adding new poles at x = y and allowing the residues at x = ±1 to vary,
subject to a condition on the behaviour at infinity. The perturbation of the energy is Ω(y),
the “off-shell” frequency. The mode number n ∈ Z fixes the allowed points yn, and thus
gives the “on-shell” frequencies asωn = Ω(yn).
When we perturb the residues at x = ±1, we should do so in the most general way
allowed by the Virasoro constraint. Since (37) is the most general solution (without winding)
this means allowing
δκ` =
∂κ`
∂κ
δκ +
∂κ`
∂ζ
δζ . (38)
The second term here is a new feature,16 arising because the Virasoro constraint has a one-
parameter family of solutions (37), rather than the discrete solutions seen in AdS5×S5 and
AdS4×CP3. Apart from this there are no changes to what was done in [33] for the 6+ 6
modes considered there, and we recover most of the masses (20): bosons r = 1, 3, 4, fermions
r = 1 f , 3 f , 4 f , and their barred cousins. We refer to modes 1, 1 f , 3, 3 f as light, since they
have BMN masses 0 < s < κ, and modes 4, 4 f as heavy, BMN mass κ.
It will be instructive however to work one example out slowly, and we focus on the
heavy fermion 4 f . This mode turns on nodes 1, 2, 3, which we draw as and write
as k` = −1 for ` = 1, 2, 3. Thus we must consider17
δp`(x) = δκ`
x
x2 − 1 −
[
α(y)
x− y +
1
2
α(y)
y
]
for ` = 1, 2, 3
where α(y) = 12g
y2
y2−1 , and the other sheets are filled in by inversion symmetry δp`(x) =
δp`( 1x ). We demand that at infinity,
δp`(x) = δP` +
1
2gx
(−1+ D`δ∆) +O
( 1
x2
)
, ` = 1, 2, 3
δp`(x) = δP` +
1
2gx
D`δ∆+ . . .
where D = B−1(1, 1 | 0, 0, 0, 0) =
(
− 12 ,−1,− 12
)
⊗ (1,−1) encodes the change in energy.
Solving, we find off-shell frequency
Ω4 f (y) = δ∆ =
[1+ cos(φ− ζ)]
y2 − 1 (39)
16 This explains footnote 2 of [33]. At ζ = φ the second term of (38) reads δ~κ = ∆4g δζ (cotφ, 0,− tanφ)⊗ (1,−1).
This contributes to δq poles at x = ±1 on sheets 5 and 6 because Bδ~κ = −∆4g δζ (0, 0 | 0, 0, 1, 1), which were
included there without justification.
17 The residue α(y) is from [39]. The second term in square brackets is a twist like that needed for the giant magnon
in [40, 34], although in fact it plays very little role here. We allow the perturbation to carry momentum δP`.
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and momentum δP1 = δP3 = n/4gκ. To put this mode on shell we must solve for y in terms
of the mode number n in
2pin4 f = −k`A`mpm(y) = (A1m + A2m + A3m) pm(y)
= 2 sin2φ p1 − 2 p2 + 2 cos2φ p3
= 2piκ [1+ cos(φ− ζ)] y
y2 − 1 (40)
giving
yn =
κ
2n
[1+ cos(φ− ζ)]±
√
1+
κ2
4n2
[1+ cos(φ− ζ)]2. (41)
The physical, on-shell frequency is then
ωn = Ω4 f (yn) = −12 [1+ cos(φ− ζ)]±
√
n2
κ2
+
1
4
[1+ cos(φ− ζ)]2 (42)
and we choose always the positive sign here, which selects the pole in the physical region
|yn| > 1. The mass s4 f = κ2 [1+ cos(φ− ζ)] matches the worldsheet calculation (20).
This mode is in fact a little simpler in terms of the basis q, where 4 f = (1,−3), that is, it
connects sheets q1 and q−3 = −q3. For the light modes we must set φ = pi/4 to have this
simple interpretation (away from this they influence more than two qi) but for the heavy
modes we do not need to do so. The equations above can be written
δq(x) =
2pi x
x2 − 1

δκ
δκ
c− δκ + s− δζ
c− δκ + s− δζ
s− δκ − c− δζ
s− δκ − c− δζ

+

[
α(y)
x−y +
1
2
α(y)
y
]
0
−
[
α(y)
x−y +
1
2
α(y)
y
]
0
0
0

→ 1
2gx

δ∆+ 1
δ∆
−1
0
0
0

+O
( 1
x2
)
(writing c− = cos(φ− ζ) and s− = sin(φ− ζ)) and
2pin4 f = q1(y)− q−3(y) = q1(y) + q3(y) = 2piκ [1+ cos(φ− ζ)] yy2 − 1 .
These give exactly the same results (41), (42).
3.3 Construction of Missing Fermions
Now recall our discussion of the modes of the point particle in the worldsheet theory, (20).
We saw that moving from ζ = φ to ζ = φ+ pi (which reverses the direction of the BMN
particle) made the heavy fermion 4 f = (1,−3) become massless, and of course we recover
this fact here, in (42). But we also saw that the massless fermion became heavy, and using
this observation we can learn how to describe this mode (which we shall call “0 f”) in the
algebraic curve: it must be the mode which, near to ζ = φ+ pi, behaves exactly like 4 f did
near to ζ = φ.
In terms of the qi this is fairly obvious: increasing ζ → ζ + pi changes q3 → −q3
and q5 → −q5, and thus we want 0 f = (1, 3). Translating back to the p` we find that
0 f = , i.e. we turn on only the node 2. We can then add this to the list of modes
whose frequencies we can calculate by the procedure above. And it has exactly the mass
expected from the worldsheet calculation.
Let us be a bit more careful: so far we have discussed the effect of reversing one particular
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solution (the vacuum) on one mode (4 f ). We would like to argue that the same idea holds
more generally. Consider now some arbitrary algebraic curve q(x) = B p(x), and define
from this a reversed curve
q′i(x) =
{
qi(x), i = 1, 2
−qi(x), i = 3, 4, 5, 6
⇔ p′ = B−1q′ =
−p1 + p2p2
−p3 + p2
 . (43)
This is also a valid solution. It has the same conserved charges in AdS but all of its sphere
angular momenta are minus those of the initial solution. Then we ask: to reproduce the
effect of a given mode r on q, what mode r′ must we use on q′?
At φ = pi4 every mode r = (i, j) connects two sheets qi, qj. The mode number is
2pin = qi − qj → 2pin′ = q′i′ − q′j′ .
For these to be equal, clearly we need i′ = i for i = 1, 2 and i′ = −i for i ≥ 3. Then AdS
bosons are unchanged, and for sphere bosons we need only change the sign of the mode
number, n′ = −n, which we can ignore. But for fermions, which connect an AdS sheet to a
sphere one, the change is (i, j)→ (i′, j′) = (i,−j), i.e.
3 f = (1,−5) ↔ 1 f = (1, 5) 3 f = (2,−6) ↔ 1 f = (2, 6) (44)
4 f = (1,−3) ↔ 0 f = (1, 3) 4 f = (2,−4) ↔ 0 f = (2, 4).
While we discussed the mode number, it is clear that the same thing happens for the place-
ment of the new poles (cuts) into sheets: instead of connecting i to j we connect i′ to j′ by
exactly the same rules. And while we have written this down in terms of the qi, clearly (43)
shows that the rule in terms of the p` is
(k1, k2, k3)→
(
k′1, k
′
2, k
′
3
)
= (−k1 + k2, k2, −k3 + k2) .
Applied to the list in table 1 we obtain the same map (44), now valid at any φ.
This map (44) takes the six original fermions (massive for BMN) and gives us a different
set of six (massive for reversed BMN), with some overlap. We argue that the union of these
two sets is precisely the full set of eight physical fermions which must always exist. For
generic classical solutions they will all be nontrivial, and the simplest example of this is
the non-supersymmetric point particle, (37). Perturbing this solution, the eight fermions
0 f . . . 4 f exactly reproduce the worldsheet masses (20). We will see similar agreement for
other classical solutions below.
Some further comments:
• In the literature only the nodes 1 and 3 are described momentum-carrying, and thus
it may seem a little puzzling that our 0 f mode excites neither of them. However the
notion of which nodes carry momentum depends on the choice of vacuum,18 and in
general we should define19
Pζ = − 12piκ κ`A`mPm (45)
= −2 sinφ sin ζ (P1 − P1)− [1− cos(φ− ζ)] (P2 − P2)− 2 cosφ cos ζ (P3 − P3).
18 We thank Konstantin Zarembo for explaining this to us.
19 The sign of P is chosen to match that in [8, 33]; the factor 1/2piκ is due to the normalisation of~κ in (37).
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r BMN mass Constraint on δm` At φ = pi4 , r = (i, j)
Massless: 0 0 — — —
0 f 0 δP1 = δP3 = 0 (1, 3)
Light: 1 κ sin2φ δP2 = δP3 = 0 (3, 5)
1 f κ sin2φ δP1 = δP2, δP3 = 0 (1, 5)
3 κ cos2φ δP1 = δP2 = 0 (3,−5)
3 f κ cos2φ δP1 = 0, δP2 = δP3 (1,−5)
Heavy: 4 κ δP1 =
1
2δP2 = δP3 (1,−1)
4 f κ δP1 = δP2 = δP3 (1,−3)
Table 1: List of modes in the AdS3×S3×S3×S1 algebraic curve, now including
massless fermions. The colouring of the nodes is −k`r with = 1 and = 2. We
omit here the right-hand modes 0 . . . 4 f , for which k`r = −k`r.
At ζ = φ this gives the familiar
Pφ = −2 sin2φ (P1 − P1)− 2 cos2φ (P3 − P3).
At ζ = φ+pi, note that it is 4 f which is does not appear to be momentum-carrying, while
0 f carries 2 units in the expected reversal of roles. When applied to the perturbations
δp, this definition gives δP = n/2gκ for all modes. If we interpret (42) as being a giant
magnon dispersion relation, note that 4h2 sin2(δP/2) = n2/κ2 as expected.
• One may wonder at this point whether there is a special connection between heavy and
massless modes. (The heavy modes are, after all, composite objects in the same sense
as in AdS4×CP3.) We believe that this is not the case, because there are not just two
supersymmetric pointlike solutions, but four: see figure 2. And going for instance from
ζ = φ to ζ = pi − φ re-organises 1 f ↔ 4 f and 3 f ↔ 0 f instead of (44), thus mixing
light and massless modes instead (and also light and heavy). In place of (43) we should
use
p′′(x) =
 p1(x)p2(x)
−p3(x) + p2(x)
 .
This clearly gives the same re-organisation 1 f ↔ 4 f and 3 f ↔ 0 f for the modes of an
arbitrary solution p(x), not just the point particle. At φ = pi4 it reads q
′′
1 = q1, q′′3 = −q5
and q′′5 = −q3, but away from this it is more messy in terms of the qi (as we would
expect).
• The list of allowed modes in table 1 is extra information not contained in the finite gap
equations, usually written [1, 5]
2pin` = −A`j
κjx+ 2pimj
x2 − 1 + A`m –
∫
dy
ρm(y)
x− y − A`kSkm
∫ dy
y2
ρm(y)
x− 1y
.
For example, the cut corresponding to the light boson “3” of course involves turning
on density ρ3 alone, with mode number n = n3. But most of the other modes involve
turning on several densities ρ` in a correlated way, and further allowing that only the
sum of their n` will be an integer: for the light fermion 3 f we have n = n2 + n3 ∈ Z.
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• In the worldsheet language we can embed S3+ ∈ C2 by X = (sin θ+eiϕ+ , cos θ+eiβ+), and
similarly Y = (sin θ−eiϕ− , cos θ−eiβ−). The effect of (43) is then X′i = X
∗
i and Y
′
i = Y
∗
i ,
or ϕ′± = −ϕ±, β′± = −β±, and this is clearly a symmetry of the action.
3.4 The Circular String
It is trivial to integrate the solution (7) using (30) and (36) to get the following residues:
κ˜0 = i2piκ κ˜1 = −2piω+/ cosφ κ˜2 = −2piω−/ sinφ κ˜3 = −2piωu (46)
m˜0 = im0 = 0 m˜1 = −m+/ cosφ m˜2 = −m−/ sinφ m˜3 = −mu.
The traditional Virasoro condition (31) gives (setting D = 3 there to include p˜3)
−(κ ±m0)2 + (ω+ ±m+)
2
cos2φ
+
(ω− ±m−)2
sin2φ
+ (ωu ±mu)2 = 0
agreeing with the worldsheet one (8). Again we write m0 here just to allow for δm0 in (48)
below.
Mapping this into AdS3×S3×S3 using (34), we ignore p˜3 (describing the S1 factor) for
now. The momentum carried is P1 = −m−pi/ sin2φ and P3 = −m+pi/ cos2φ, which can be
combined using (45) to give total momentum
Pζ = 2pi
(
m+
cos ζ
cosφ
+m−
sin ζ
sinφ
)
.
If we use the momentum assignments from the ζ = φ vacuum (or any supersymmetric
vacuum) then Pζ is a multiple of 2pi (as expected for a closed string) whenever m± ∈ Z.
To construct modes for this solution, we need two extensions to what we have done
above. First, we should allow the residues of the poles at x = ±1 to vary independently, but
still subject to the Virasoro constraint. This means that we allow the windings m` to vary.
Second, we find it necessary to demand that the resulting δP` belonging to nodes which are
excited are all equal, and the others zero (and the same for the δP` of the inverted sheets).
To be explicit, the perturbation of the quasimomenta is
δp`(x) = k`
[
α(y)
x− y +
1
2
α(y)
y
]
+ S`mkm
[
α(y)
1
x − y
+
1
2
α(y)
y
]
+∑
v
∂p`(x)
∂v
δv (47)
where v ∈ {κ,ω±,m0,m±},20 subject to the following linearised Virasoro constraints:
∑
v
∂Vdiag
∂v
δv = 0, ∑
v
∂Voff
∂v
δv = 0. (48)
We impose the following condition at infinity
δp`(x)→ k` δPleft − k` δPright +
1
2gx
(k` + D`δ∆) +O
( 1
x2
)
(49)
and solve for δv, δPleft, δPright and δ∆ = Ωr(y). The on-shell frequency is found by solving
2pin = −k`A`mpm(yn)
for yn and evaluating Ω(yn).
20 Note that we do not varyωu and mu, because we do not have a condition at infinity on p˜3. While we write the
variables shown in (46), we could clearly use v ∈ {κ`,m`; ` = 1, 2, 3} instead.
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We can write all the results in a compact form, in terms of two numbers Sr Mr:
Ωr(y) =
1
y2 − 1
S2r −M2r
κSr
, 2pinr = 2pi
Sry+Mr
y2 − 1 (50)
for left-hand modes, and 2pinr = 2pi Sry+Mry
2
y2−1 for right-hand (barred) modes. The on-shell
frequency is then
Ωr(yn) = −S
2
r −M2r
2κSr
−
(
n± Mr
2
)
Mr
κSr
+
1
κ
√(
n± Mr
2
)2
+
S2r −M2r
4
, r ∈ left
right.
(51)
The coefficients here are the same left and right (Sr = Sr and Mr = Mr) and are given by
S0 = 2s0 M0 = 0 S0 f = κ −ω+ −ω− M0 f = −m+ −m−
S1 = 2ω− M1 = 2m− S1 f = κ −ω+ +ω− M1 f = −m+ +m−
S3 = 2ω+ M3 = 2m+ S3 f = κ +ω+ −ω− M3 f = m+ −m−
S4 = 2κ M4 = 0 S4 f = κ +ω+ +ω− M4 f = m+ +m−.
(52)
The masses s2r = (S2r −M2r )/4 are identical to those from the worldsheet calculation, (15)
and (19). Some comments follow:
• Compared to the worldsheet results, the frequency (51) displays a shift in n and a shift
in energy. In the simplest case (9) Mr/2 ∈ Z and thus the shift in n will not matter, but
in general it may be a half-integer, in which case according to [19] we should trust this
not the worldsheet one. The term linear in n vanishes in the sum. For the shifts in energy,
note that we are still missing the massless bosons, and see discussion in [18, 32] .
• One surprising feature is that the “efficient” method [31] of constructing heavy modes
off-shell by addition given by [33] fails here. The rules were
1 f + 3 f = 4, 1+ 3 f = 1 f + 3 = 4 f (53)
and these still hold at the level of k` of course (as is easily seen from table 1), but not at
the level of Ωr(y).21 We can observe however that (53) are not invariant under (44): the
second equation becomes
−1+ 1 f = 3 f − 3 = 0 f .
• We discuss massless bosons in section 3.6 below.
3.5 The Folded String
Because the solution (10) also lives in R×(S1)3 it is also described by only poles at x = ±1.
We can use (30) and (36) to integrate and find their residues; notice that A does not appear:
κ˜0 = i2piκ, κ˜1 = −2piω cosφ, κ˜2 = −2piω sinφ, κ˜3 = 0.
Since (46) is the most general set of residues, we can describe this as a special case
ω+ = ω cos2φ, ω− = ω sin2φ, m± = 0, ωu = mu = 0. (54)
21 These rules do hold for the point particle case above, which has no winding and thus has δm = 0. We imposed
this in (38) but it is still true using the more liberal (48) for this solution.
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An important difference from the circular string is that the traditional Virasoro constraint
(31) is not obeyed. It gives κ2 = ω2 here, contradicting the worldsheet one which gives
κ2 = A2ν2 +ω2, the physical condition that the cusps are lightlike. Thanks to [10] we
understand that this is not a problem: (31) is too strict, and their GRC (32) allows for the
residues seen here.
When we calculate modes of this solution, however, we demand that δp(x) still obeys
the linearised condition (48) derived from (8). Note that this was the only point at which the
Virasoro constraints entered the mode computation for the circular string: at no point did
we use the fact that the classical p(x) obeys (8). And thus nothing changes in our calculation
of the mode frequencies. Substituting (54) into the circular string’s mode masses, we obtain
s0 f = 12 (κ −ω)
s1 = ω cos2φ s1 f = 12 (κ +ω cos 2φ) (55)
s3 = ω sin2φ s3 f = 12 (κ −ω cos 2φ)
s4 = κ s4 f = 12 (κ +ω).
These match what we got in the worldsheet theory, sections 2.4 and 2.5.
Using the linearised Virasoro condition (48) for these modes is justified by our world-
sheet calculation. There we showed that, for both this solution and the circular string, only
the massless bosons produce any change to any δVl , the different factors’ contributions to
the Virasoro constraint. Thus for all the modes studied here, the change to the integrated
form (31) will be zero. (We believe this will be true for any classical solution.)
The classical solution (13) can be treated as a special case of the circular string in exactly
the same way. Its residues κ˜l , m˜l were written down in (4.49) of [10], and can be plugged
into the masses s2r = (S2r −M2r )/4 after using (46). Let us write just the special case a = a˜,
ν = ν˜ which has zero winding, m˜l = 0, and residues
κ˜1 = −2piω cosφ, κ˜2 = −2piω sinφ, ω = 2κpi E
(pi
2
∣∣∣4a2ν2
κ2
)
. (56)
Then its mode masses are given by (55) with this ω. Notice in particular that none of the
fermionic modes of this are truly massless. In the limit a→ 0, in which this should approach
the BMN solution, we have E(pi2 |m) = pi2 − pi8m+O(m2) and thus
ω = κ − a
2ν2
κ
+O(a4) ⇒
s0 f = 0+
a2ν2
2κ
+O(a4)
s1 f = κ cos2φ− a
2ν2
2κ
cos 2φ+O(a4), etc.
(57)
While finding the modes of the exact macroscopic solution (13) in the worldsheet language
seems hard, perhaps it would be possible to calculate these corrections to the BMN masses.
This would be an interesting check of our methods.
3.6 Massless Bosons?
We showed above how to incorporate the massless fermions into the algebraic curve structure.
Naturally we wonder if something similar can be done for the massless bosons, to capture
all 8+ 8 modes.
In the worldsheet language we know these modes exactly — they are fluctuations in
directions in target space for which L2 is exactly the free Lagrangian ∂µX˜ ∂µX˜ with no mass
term, and the solutions are plane waves. These are precisely the directions within R×(S1)3,
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for which we can use (30) to work out the algebraic curve. Since these equations are linear,
we can also work out the change to the algebraic curve, regardless of the classical solution
being perturbed. And the answer is simply zero. The pessimistic answer is thus that they
are invisible to this formalism.
In table (52) we were a little more optimistic, and included S0 = 2s0 without having
solved for it. We do this on the grounds that we believe (50) and (51) should, in the limit
s0 → 0, correctly describe this mode. To understand the limit we look at the 4 f mode
near to s4 f = 0 (i.e. near to cos(φ − ζ) = −1). The energy (42) has the expected finite
limitωn = |n| /κ, but this arises from dividing zero by zero: the off-shell frequency Ω(y)
(39) appears to go to zero, but (holding n fixed) the position of the pole yn from (40) also
approaches 1. The bosonic modes behave the same way, for instance the 3 mode near to
ζ = pi/2 (i.e. near to J+ = 0).
Perhaps the same idea of everything converging on x = 1 applies also to macroscopic
classical solutions: moving in “massive” directions these would be described by one- or
two-cut resolvents, but the “massless” versions studied here are described by just the poles.
Finally note that we have also largely ignored the S1 direction u, which gives one of the
massless bosons in the worldsheet picture. This appears to be correct in the sense that none
of the worldsheet frequencies depend on the classical solution’sωu and mu. We constructed
p˜3 in (36), and could write p4 = − p˜3 and Aall = (Aleft ⊕ 1)⊗ 12×2. Then provided no modes
turn on this node (i.e. k4 = 0 always) nothing will change in our calculations.22
4 Energy Corrections
The last two sections developed two ways to calculate mode frequencies of the “macroscopic
massless” spinning strings that we are studying. The main reason to do so at all is to work
out the one-loop correction to the energy, by adding these frequencies up.
For frequencies of the form ωn = 1κ
√
(n+m)2 + s2 (in which we allow some shift of
the mode number by m = ±Mr/2) the one-loop energy correction is
δE =
N
∑
n=−N
e(n) =∑
r
(−1)F
N
∑
n=−N
1
2κ
√
(n+mr)2 + s2r (58)
(defining e(n) for use below). The simplest way to evaluate this sum is to approximate it
with an integral: provided that ∑r(−1)F = 0 and ∑r(−1)Fs2r = 0, to ensure (respectively)
that the quadratic and logarithmic divergences cancel, we have
δE ≈ κ
2∑r
(−1)F
∫ N/κ
−N/κ
dz
√(
z+
mr
κ
)2
+
( sr
κ
)2
, z = n/κ
=
1
2κ ∑r
(−1)F
[
−s2r log sr +m2r
]
. (59)
Applying this method to the folded string, using the masses (55), it simplifies when we
take the string to be short, A2  κ2. This is equivalent to takingω = J large (compared to
S), and for the sake of familiarity we write all energy corrections in terms of these angular
22 We can then allow v in (48) to includeωu,mu.
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momenta. At φ = pi4 we get
δE = −νSJ log 2+
ν2S2
8J 3 [−3+ 6 log 2− 4 logJ + log ν(S)]
+
ν3S3
8J 5 [1− 2 log 2+ 2 logJ − log ν(S)] +O
( 1
J 5
)
.
However this is almost certainly not what we want to do. For the case of sl(2) circular strings
in AdS5×S5, agreement with the Bethe equations was seen by expanding e(n) in large J
first. Naively this leads to a divergent result, but Beisert and Tseytlin [16] showed how to
re-sum the divergent terms. We now adapt what they did to the frequencies seen here, still
focusing on the folded string.
4.1 Adapting the Beisert–Tseytlin procedure
The procedure given by [16] took e(n) = ∑r(−1)Frωrn/2 and divided it up as follows: After
expanding in J  1 at fixed n to get esum(n), they defined
esumsing(n) = terms in esum(n) which give a divergence in the sum to n = ∞,
esumreg (n) = e
sum(n)− esumsing(n).
Then they wrote n = J x and expanded e(J x) inJ  1 at fixed x to get eint(x), and similarly
defined
eintsing(x) = terms in eint(x) which give a divergence in the integral to x = 0,
eintreg(x) = e
int(x)− eintsing(x).
It was observed that esumreg (n) = eintsing(n/J ) and similarly esumsing(n) = eintreg(n/J ), allowing
them to exchange the singular part of a sum on n for the regular part of an integral on x. The
total energy correction was then
δE = δEsum + δEint =
∞
∑
n=−∞
esumreg (n) +
∫ ∞
−∞
J dx eintreg(x). (60)
Here δEsum was the analytic part, containing only even powers of J = J/√λ, and δEint
was the non-analytic part, containing odd powers of J . The necessity of reproducing such
non-analytic terms is what led [16] to introduce the one-loop dressing phase in the Bethe
equations.
Applying this procedure here, we find that eintsing(x) has odd powers including 1/x at
x = 0, which lead to terms in eintreg(x)which behave like 1/x at x = ∞, giving a logarithmically
divergent answer. This problem does not arise in [16], nor in [20], where the divergent terms
start only at order 1/x2 and at order n2.
Let us consider the following modification of esing:
esumsing(n) =
[
terms in esum(n) which go like n0 or faster as n→ ∞
]
+ µ
[
terms in esum(n) which go like n−1 as n→ ∞
]
, (61)
eintsing(x) =
[
terms in eint(x) which go like x−2 or faster as x → 0
]
+ µˆ
[
terms in eint(x) which go like x−1 as x → 0
]
.
Clearly µ = µˆ = 1 is the original procedure as described above, but the parameters µ, µˆ
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will let us control the new logarithmic divergences, without altering any results of [16,20].
Introduce three explicit cutoffs as follows:
δEsum = 2
N
∑
n=1
esumreg (n), δE
int = 2
∫ Λ
e
J dx eintreg(x). (62)
Treating the folded spinning string (using the masses (55), and writing Sν = ν S) we obtain
δEsum = finite+ (µ− 1)
(
logN + γE
) [ S2ν
4J 3 −
S3ν
2J 5 +
15S4ν
16J 7 +O
( 1
J 9
)]
δEint = finite+
[
µˆ logΛ+ (1− µˆ ) log e
] [ S2ν
4J 3 −
S3ν
2J 5 +
15S4ν
16J 7 + . . .
]
. (63)
To match the upper cutoff of the sum with the lower cutoff of the integral, we want N = J e.
To cancel all three of the divergences,23 we need
N = e−γE Λ
µˆ
1−µ e
1−µˆ
1−µ .
At µ = µˆ = 12 , both of these conditions are solved by N =
√J , e = 1/√J , Λ = eγEJ .
The other constraint on µ, µˆ is that we must again have esumreg (n) = eintsing(n/J ), in order
to omit eintsing and esumsing from (60). The first few terms of these are24
esumreg (n) =
−S2ν (1−µ)8n
J 3 +
S3ν (1−µ)4n + S4ν 1128n3
J 5 −
S4ν 15(1−µ)32n + S5ν 3128n3 + S6ν 11024n5
J 7 +O
( 1
J 7
)
eintsing(n/J ) =
−S2ν µˆ8n
J 3 +
S3ν µˆ4n + S4ν 1128n3
J 5 −
S4ν 15µˆ32n + S5ν 3128n3 + . . .
J 7 + . . . (64)
and clearly µ = µˆ = 12 gives agreement.
After cancelling these divergences, the finite parts are
δEsum =
S4ν ζ(3)
64J 5 −
S5ν 24ζ(3) + S6ν ζ(5)
512J 7
+
S6ν ζ(3) 7 · 2−6 + S7ν ζ(5) 2−7 + S8ν ζ(7) 5 · 2−14
J 9 +O
( 1
J 11
)
and
δEint =
S
J
[
α log α+ (1− α) log(1− α)
]
+
S2
4J 3
[
(1− 6α) log α+ (6α− 5) log(1− α) + log 2− 1
]
+O
( 1
J 5
)
. (65)
Note that there appears to be no consistent pattern of even and odd powers, like that for the
analytic / non-analytic distinction. Note also that only δEint depends on φ, which we write
here as α = cos2φ. At φ = pi/4 our result is simpler,
δEint = −Sν log 2J +
S2ν(5 log 2− 1)
4J 3 −
S3ν(8 log 2− 1)
4J 5 +
S4ν(660 log 2− 113)
192J 7 +O
( 1
J 9
)
.
Integrability normally gives an expansion in the Bethe coupling h, rather than
√
λ. These
23 It seems convenient to absorb the terms in γE = 0.577 . . . here, since they are of the same form.
24 The terms shown come from expanding esum and eint up to 1/J 10. The 1/n5 term missing from eintsing(n/J ) is
order 1/J 12 in eint(x) and thus not yet visible.
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are related here by [41, 33, 20]25
h(λ) =
√
λ
2pi
+ c+ . . . =
√
λ
2pi
+
α log α+ (1− α) log(1− α)
2pi
+O
( 1√
λ
)
. (66)
If we regard the classical energy (12) as the zeroth term in an expansion in h, writing
Jh = J/2pih (so that Jh = J classically), then expanding in
√
λ gives the following terms:
∆h=∞ = 2pih
√
J 2h + 2νSh
=
√
λ
√
J 2 + 2Sν + 2pic Sν
2J
√
J 2 + 2Sν
+O
( 1√
λ
)
=
√
λ
√
J 2 + 2Sν + 2pic
[Sν
J −
S2ν
J 3 +
3S3ν
2J 5 +O
( 1
J 7
)]
+O
( 1√
λ
)
.
The S/J term here is exactly the first term seen in (65). But starting with the 1/J 3 term
there are genuine 1/h corrections, i.e. O(h0) terms. The first few terms are
δ∆h =
S2
4J 3 (L− 1)−
S3
2J 5
(
L− 5
12
− 1
3 sin 2φ
)
+
15S4
16J 7
(
L− 5
36
− 2
5 sin 2φ
− 4
45 sin2 2φ
)
+ . . .
where L = log 2+ (1− 2α) log α − (1− 2α) log(1− α) = log 2+ cos 2φ log(tan2φ), and
obviously sin 2φ = 4α(1− α).
5 Conclusions
The results of this paper are as follows:
• We have introduced some classical string solutions which we think can be interpreted
as macroscopic excitations of the massless modes of the BMN string. To describe one
of these, the folded string, in the algebraic curve we must use [10]’s general residue
condition, but the solution here presented is itself much simpler than their example
requiring this. For this property it is necessary that contributions to Virasoro from
different factors of the target space are not all constant.
• We have shown how to calculate the fermionic “0 f” mode frequencies using the al-
gebraic curve for the first time. This calculation uses only (a linearised form of) the
traditional Virasoro constraint, and we discussed why this is so. For all the classical
solutions considered here (except BMN) these modes are in fact no longer massless, and
their masses agree with those from worldsheet computations. (By contrast the bosonic
massless modes are always trivial.)
• We learned how to do this by studying the reversal symmetry ω → −ω which acts
on fermion masses s→ 1− s. This has not been discussed in the literature, but it uses
the vacuum solutions ~κ previously discarded as spurious, and here interpreted as
non-BMN pointlike strings. We can see the same symmetry in CP3 and S5 cases, but
it is not interesting in the absence of massless modes. Here it is part of a continuous
transformation controlled by ζ, which while not a symmetry, teaches us about the
massless limit.
• We discovered that the folded string is a special case of circular string, as far as modes
25 This assumes we are using a cutoff on energy or mode number, rather than in the spectral plane. In the similar
relation for AdS4×CP3 [42, 24, 32, 43], this was ultimately understood to be the correct choice [44, 28].
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are concerned. We view this as the distinction between macroscopic one- and two-
cut solutions disappearing as these cuts converge onto the poles at x = ±1, just as the
microscopic cuts which describe the modes converge onto the poles as the mode becomes
massless. The same agreement of frequencies is seen in the worldsheet language, up
to the fact that the modes appear in a slightly strange gauge. (Perhaps this is a larger
example of the frequency shifts seen for instance in [18, 19].)
• We calculated energy corrections δEsum and δEint, which for massive spinning strings
would be the analytic and non-analytic terms. The division between these two types of
terms comes from a version of the Beisert–Tseytlin re-summing procedure, modified
here to deal with logarithmic divergences. We see some cos2φ dependence in δEint even
when expanding in h(λ).
There are many interesting open directions from here:
• Most obviously, the same reversal idea will allow us to describe in the algebraic curve
the four fermions in AdS3×S3×T4 which are massless for BMN (sometimes called the
non-coset fermions). This is the topic of a forthcoming paper. Similar things can no
doubt be done for AdS2×S2×T6 [45], and for backgrounds with mixed RR and NS-NS
flux, which are the topic of much recent interest [46].
• The list of modes in table 1 is slightly ad-hoc, constructed along the lines of earlier
examples (such as table 2) so as to match the BMN spectrum [33], and now the ζ-
vacuum spectrum. Nevertheless it contains important extra information not present
in the finite-gap equations, which follow directly from A, S,~κ . It should be possible to
understand this more rigorously from representation theory.
Such an understanding might also point out exactly how to deal with the massless
bosons. Our approach here is to view the algebraic curve as just a tool for calculating
mode frequencies, and in this view there is no need to think about them, since they
always haveωn = |n| /κ.
• The ultimate goal of studying these spinning strings is to make contact with the quantum
integrable spin-chain picture. In the T4 case this means the S-matrix of [11] or rather
the associated Bethe equations. This S-matrix contains dressing phases for the massless
sector which are at present unknown.
However the comparison can’t be exactly along the lines of what was done for su(2) and
sl(2) spinning strings [16, 17], as there is no meaningful resolvent here. Our discussion
of the massless limit of the modes indicates why: the cuts have collapsed into the poles
at x = ±1.
• We observe that several quite different strings can have the same algebraic curve de-
scription: for example (54) and (56) can easily be made to co-incide exactly. Some related
ideas were explored by [47], see also [48].
• Finally we note that some issues to do with calculating the modes of folded strings (and
other non-homogeneous classical solutions) were recently encountered by [49]. Our
folded string is a simpler case, but their techniques may be necessary for more general
solutions.
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A Reversal Symmetry for AdS4×CP3
Above we note that the symmetry which reverses the direction of motion on the sphere
ω → −ω re-arranges the fermions s → 1− s . This appendix looks at the same idea in
AdS4×CP3, as a check on our understanding of the formalism.
We follow here the conventions of [8],26 in which the Cartan matrix is
A =

0 1
1 −2 1
1 0 −1 −1
−1 2
−1 2

and the generators in weight space Λ` ∈ R2,3 are:
Λ1 Λ2 Λ3 Λ4 Λ5
1 B1 i = 3
1 −1 F1 1
1 −1 F2 2
−1 1 1 B2 4
−1 1 B3 5.
We think of this as the matrix Bi` = (Λ`)i such that qi = Bi`p`, where p` are the quasimo-
menta corresponding to Cartan generators Λ` i.e. to nodes of the Dynkin diagram, and qi are
the quasimomenta with manifest OSp(2, 2|6) symmetry as in [50]. The lower five of these
are defined q11−i = −qi, and i = 3, 4, . . . 8 describe CP3 while i = 1, 2, 9, 10 describe AdS4. .
Inversion symmetry p( 1x ) = Sp(x) is simple in terms of the qi:
27
q1(x) = −q2( 1x ), q3(x) = −q4( 1x ), q5(x) = −q5( 1x ).
Zarembo [8] gives two vacua, the only solutions of ~κ A~κ = 0 and S~κ = −~κ , and
26 Note that [8] uses a different grading for the superalgebra to [50]. This should not matter for classical strings, but
does make figure 2 there look a little different from table 2 here.
27 The inversion symmetry matrix for p` is
S =

1 −1 −1
1 −1 −1
1 −1 −1
0 −1
−1 0
 .
27
discards the second of these:
p`(x) =
∆
2g
x
x2 − 1κ`, ~κ = (1, 0,−1, 0, 0) ⇒ q(x) =
∆
2g
x
x2 − 1 (1, 1 | 1, 1, 0) (67)
p′`(x) =
∆
2g
x
x2 − 1κ
′
`, ~κ
′ = −(1, 2, 3, 2, 2) ⇒ q′(x) = ∆
2g
x
x2 − 1 (1, 1 | − 1,−1, 0).
Written in weight space, it is clear that the second one differs by a minus in the CP3 sheets.28
It will thus differ by a minus in all its SU(4) charges. But physically we expect this to be little
different; there is nothing sacred about the direction of motion of the initial BMN particle.
The same symmetry will exist for an arbitrary solution: given some classical curve qi(x),
the reversed curve
q′i(x) =
{
qi(x), i = 1, 2 (and thus 9, 10)
−qi(x), 3 ≤ i ≤ 8
(68)
is also a valid algebraic curve. This will have charges J′ = −J, Q′ = −Q but should be phys-
ically equivalent. In particular the frequencies of its vibrational modes should be identical,
but calculating these according to the usual rules [50] does not give the same answer. For
instance, taking the example of the vacuum solution again, the heavy fermion (1, 7) has
become massless, unlike any of the modes of the original solution:
2pin(1,7) = q1 − q7 = 2
∆
2g
x
x2 − 1
2pin′(1,7) = q
′
1 − q′7 = 0, 2pin′(1,4) = q′1 + q′7 = 2
∆
2g
x
x2 − 1 .
What we should obviously do is to insert the same minus in the definition of the modes: if
we include a (1, 4) mode for the primed quasimomenta (i.e. allow cuts connecting sheet q′1
not to q′7 = −q′4 but to +q′4) then we will recover the same frequency as the (1, 7) mode on
the unprimed quasimomenta.
We can do this for all the modes, and translating back to descriptions in terms of p` we
get the map shown in table 2. The light modes just get re-arranged, and the heavy bosons
are left alone. This map gives new modes only for the heavy fermions, marked with a star.
• Note that the list of allowed modes is extra information not encoded in the finite gap
equations, by which in this case we mean (3.26) of [8]. Each mode is some correlated set
of densities ρ`(y). This is true of both the original set of modes, from [50], and the new
set for the reversed BMN solution.
• Notice that these new modes don’t excite either of the momentum-carrying nodes
` = 4, 5, while all the old light modes excited one, and all the old heavy modes excited
both. However our notion of which nodes are momentum-carrying depends on the
choice of vacuum, and with the reversed BMN~κ ′ it is not only the nodes ` = 4, 5:
P = κ`A`kPk = P4 + P5
1
1
P′ = κ′`A`kPk = −2P1 + 2P3 − P4 − P5 −2 2 −1 −1
(69)
Counted according to P′, the new heavy modes do all excite two momentum-carrying
28 Here and in (68) we make a choice over how to treat q5. However q5 → −q5 = q6 is already a discrete symmetry
of the algebraic curve, which re-organises the light modes (4, 5)→ (4, 6) etc, and changes the sign of angular
momentum J3 only. The choice to include this in q → q′ results in this changing the sign of every CP3 charge
which seems tidier.
28
Light Bosons: (4, 5)  −
(4, 6)  −
(3, 5)  −
(3, 6)  −
Light Fermions: (1, 5) ↔ (1, 6)
(2, 5) ↔ (2, 6)
Heavy Bosons, CP: (3, 7)  −
AdS: (1, 10) 
(1, 9) 
(2, 9) 
Heavy Fermions: (1, 7) → (1, 4) *
(2, 7) → (2, 4) *
(1, 8) → (3, 1) *
(2, 8) → (3, 2) *
Table 2: List of modes in the AdS4×CP3 algebraic curve, with→ indicating the effect
of reversing the direction (68). A star marks modes which did not exist before. As
before the colouring of the nodes is −k` (i,j) with = 1 and = 2, and 2pin =
−k` (i,j)A`mpm = qi − qj.
nodes.29
• In the worldsheet string theory, CP3 is described by Z ∈ C4 with Z ∼ λZ for any
λ ∈ C. The effect of (68) here is to conjugate each embedding co-ordinate Z′i = Z∗i , thus
reversing all CP3 angular momenta. This is clearly a symmetry of the action.
These features are the same as for the AdS3×S3×S3×S1 case: there too the “0 f” mode is
obtained from the heavy fermion “4 f”, and does not excite either of what were initially
thought of as momentum-carrying nodes. The crucial difference is that in AdS4 this is just
some discrete symmetry, which we could avoid thinking about by always rotating our co-
ordinates to put the particle’s momentum into a standard direction before working out the
monodromy matrix. If someone else made a different choice there is no surprise that they end
up using a slightly different formalism.30 In AdS3 on the other hand, there is a continuous
set of physically distinct (non-BPS) solutions connecting the two opposite directions, and the
same formalism ought to cover all of them, or at least both ends. We only understood 6/8 of
this, at either end, but the connection enabled us to fill in the remaining 2/8 of the whole.
In this regard AdS5×S5 will be just like AdS4×CP3: we can write down the modes for
an alternative vacuum, the reversed BMN solution, but there is never a need to do so.
29 The light modes appear to excite ±1, since table 2 is not careful about the overall sign, i.e. the sign of the mode
number. The modes which need a minus are marked  −. This is also the reason that (3, 1) is not written (1, 3).
30 Another way to look at the change in (67) is as exchanging in SU(4) the highest-weight state (1, 1, 0) with the
lowest-weight one (−1,−1, 0) . We thank Olof Ohlsson Sax for pointing this out.
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